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1. Non-reﬂexive Banach spaces and risk measures
Most common cases of normed and Banach spaces used in risk measures’ theory are the Lp(Ω,F ,μ) spaces in which
1 p ∞ and μ is here a probability measure on the measurable space (Ω,F). In most of the cases, the probability space
(Ω,F ,μ) is supposed to be a non-atomic space. Lp spaces in these cases are actually Banach spaces and moreover Banach
lattices (see also in [2, Th. 12.5]). As it is well known, if 1 < p < ∞, then the space Lp(Ω,F , P ) is reﬂexive (see also in
[2, Th. 12.27]). Also, L1 and L∞ are not in general reﬂexive. For this question, we may repeat the statement of the corollary
[2, Cor. 12.29]: If μ is σ -ﬁnite and L1(μ) = L∞(μ), then neither L1(μ), nor L∞(μ) is reﬂexive.
Hence the cases of non-reﬂexive spaces which usually arise in risk measures’ theory and applications are the L1-spaces
and the L∞-spaces. As it is also quoted in [18, p. 476], the cause for considering an Lp-space where p ∈ [1,∞) as a model
of ﬁnancial positions or actuarial risks is that the distributions of the random variables in these models may allow for the
presence of fat-tails, or else for unbounded possible values. We remind that the distributions having fat-tails are those for
which the exponential moments do not exist, or else if X is a random variable with positive outcomes and  > 0, while the
cumulative distribution function of it is F X (x), x  0, then the integral
∫∞
0 e
x dF X (x) is not ﬁnite for any  > 0. Also, in
[18] the case of normal or stable distributions is mentioned. The case of L1 is proposed as a model also in [15, p. 237]
among other Lp spaces with p ∈ [1,∞). About stable distributions, authors in [18] append to [25, Chapter 7]. The central
moments Eμ(Xk) of the distributions having fat-tails just like Pareto distribution, don’t exist for every k. For example if
X follows a Pareto distribution, the moments’ existence depends on the parameter a in the probability density function
f (x) = aθa
(x+θ)a+1 , x  0 of the Pareto distribution. For k > a the moment Eμ(X
k) does not exist (see also in [24, p. 255]).
In the paper [18] dual representation and continuity results are proved in the case of Lp spaces, which include the case
of the non-reﬂexive L1. Continuity results as it is also mentioned in [18, p. 475], are applied in questions of robustness
and approximation. Also in [15] and [13], continuity and dual representation results are proved for L1 respectively, if the
numeraire asset is 1 and the partial ordering of the space is the usual (componentwise) one. In [9], convex risk measures
in Orlicz hearts are studied. According to the Young function Φ selected, there are cases for which the corresponding Orlicz
heart MΦ and the corresponding Orlicz space LΦ coincide and this is actually the non-reﬂexive space L1 (Φ(x) = x) and
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Hence the selection of the Young function affects the variety of the domain of such a risk measure outside L∞ . Namely,
we see that the non-reﬂexivity of the Lp spaces if p = 1, ∞ are closely related to these inclusions. It is also important to
mention that in [18], a dual representation is given for the expected shortfall called otherwise Conditional Value-at-Risk if the
space of ﬁnancial positions is L1 (see [18, Th. 4.1]). The expected shortfall is a coherent risk measure, see also in [30]. The
deﬁnition of the expected shortfall is given through the lower a-quantile of X for a ﬁnancial position X . This is equal to
qa(X) = inf
{
x ∈ R ∣∣μ(X  x) a}.
Then the expected shortfall risk for X (at a level of signiﬁcance a) is equal to
E Sa(X) = 1
a
(
E(X1{Xqa(X)}) + qa(X)
(
a− μ(X  qa(X)
)))
.
Expected shortfall was introduced in [26], [27] under the name Conditional-Value-at-Risk. Due to the fact that the expected
shortfall is the smallest coherent and law invariant coherent risk measure which dominates VaRa (see [30,3,20]), Conditional-
Value-at-Risk is entirely used jointly with Value-at-Risk in risk management and portfolio optimization (see [5,6,26,22]).
Duality properties of the shortfall risk measures deﬁned via a loss function 	 were studied also in [11] in L∞ . The coherence
of expected shortfall is proved in [3, Pr. 3.1]. Expected shortfall is a coherent risk measure on L1. About the domination
property of expected shortfall related to VaRa , see [20, Th. 9], stated on L∞ . L1 is also the space of positions in which prob-
lems of portfolio optimization are considered with respect to some coherent risk measure. For example in [21], a problem of
minimization of the shortfall risk with respect to a coherent risk measure ρ on L1 is considered under a budget constraint
and the presence of an incomplete market of assets. Also, in [14] in which coherent-convex risk measures are extended to
a dynamic setting in which the ﬁnancial positions are described by discrete-time stochastic processes, L∞ is the ‘building
block’ of this theory. In [14, Rem. 2.7], what is mentioned is that it is possible to extend the results proved in the paper
when p ∈ [1,∞). Another famous problem which is mentioned in many papers and it is studied in the frame of L∞ in [8]
is the optimal risk allocation problem, in which a given risk X must be optimally shared among a number of n individuals
whose risk measures are ρi , i = 1,2, . . . ,n. These results are extended in Lp , 1 p < ∞ in [18].
2. Introduction
We consider two periods of time (0 and 1) and a nonempty set of states of the world Ω which is supposed to be an
inﬁnite set. The true state ω ∈ Ω that the investors face is contained in some A ∈ F , where F is some σ -algebra of subsets
of Ω which gives the information about the states that may occur at time-period 1. A ﬁnancial position is a F -measurable
random variable x : Ω → R. This random variable is the proﬁle of this position at time-period 1, namely x(ω) is the amount
of money received (for example as a payoff of an asset) at time-period 1 if state ω becomes true. We suppose that the
probability of any state of the world to occur is given by a probability measure μ : F → [0,1].
The ﬁnancial positions are supposed to lie in some subspace E of RΩ being a normed linear space. Either L =
Lp(Ω,F ,μ) for 1 p ∞ (where (Ω,F ,μ) actually denotes the nature’s probability space) or E = C(Ω), etc. We suppose
that the space in which the ﬁnancial positions lie is actually a partially ordered normed linear space.
The elements of the dual space E∗ of E denote the spot-price functionals. Namely, if the investors face the price f ∈ E∗
in the market, this indicates that the amount of money that has to be paid by some investor in order to receive the payoff
of the position x ∈ E is equal to f (x).
In the rest of this article we suppose that E is a non-reﬂexive Banach space. We actually suppose that the space of the
spot-price functionals E∗ is partially ordered by a cone P . This cone is consisted by the ‘admissible’ price functionals, or else
this cone P denotes the way that a set of investors jointly interprets the common notion of the cost of ﬁnancial positions.
We also consider the space E to be partially ordered by the dual wedge P0 of P in E , actually consisted by the positions
whose cost is positive under the prices of P . This frame ﬁts a notion of rationality for the prices. What is discussed in [19] is
that the wedge under which E is partially ordered is consisted by those positions whose ownership indicates safety for the
previously mentioned set of investors. These positions must have a positive price. In the present paper what is indicated is
that the wedge of positions implying safety for this set of investors is consisted actually by the ones whose price is positive
for any element of P .
Another way of supporting the geometric framework of the present article, is to take C ⊆ E to be the wedge of the
ﬁnancial positions implying safety for a set of investors (this wedge is supposed to be closed). The wedge C0 ⊆ E∗ of the
spot-price functionals is actually the set of ‘admissible’ prices with respect to this wedge C , being the set of spot-price
functionals which assign a positive price for any such position x ∈ C . This frame also ﬁts a notion of rationality of the prices.
If we follow this point of view, the cone P mentioned in all the results of this article is the wedge C0, while P0 = C .
The aim of this paper is to extend the results of the paper [19] in the case where the space of the positions E is a
non-reﬂexive Banach space. Alike with the results contained in the paper [19], we suppose that the numeraire asset is some
interior point e ∈ int(P0), namely an interior point of the wedge under which E is partially ordered. The asset e is actually
either a ‘reference cash stream’ according to [29], (see p. 795) or a ‘relatively secure cash stream’ according to [17] (see
p. 185). We prove the dual representation of the (P0, e)-coherent and the (P0, e)-convex risk measures deﬁned on E , or
else theorems of representation of them alike with [4, Th. 4.1], [10, Th. 2.3], [11, Th. 5]. We also give continuity results about
550 C.E. Kountzakis / J. Math. Anal. Appl. 373 (2011) 548–562these risk measures alike with the ones contained in [19]. In the special case of non-reﬂexive Lp spaces, like L1 or L∞ , we
provide continuity results related to the notions of continuity listed in [18, Def. 3.1].
The representation Theorem 3.4 is a partial version of [17, Th. 2] where the set of representing functionals is bounded
and this allows us to prove the important continuity result 6.7. A similar frame concerning partially ordered topological
linear spaces of ﬁnancial positions is used in [28], where the dual representation Theorem [28, Th. 4.1] is proved for convex
risk measures deﬁned on such spaces. The main difference which appears between this speciﬁc representation and the
representation of Theorem 4.1 is that the ‘convex conjugate form’ of a (P0, e)-convex risk measure ρ is that in our case the
‘convex conjugate form’ of ρ is deﬁned over the set of functionals which lie on the base Be of the cone P deﬁned by the
numeraire asset e. Be is the set of the ‘essential’ no-arbitrage spot-price functionals (since every non-zero element of P is a
multiple of some element in Be).
The representation Theorem 3.5 extends the representation result 3.4 in the case where e is not an interior point of P0,
but it deﬁnes a base on P . In the same way, the representation Theorem 4.2 extends the representation result 4.1 in the
case where e is not an interior point of P0, but it deﬁnes a base on P . Theorem 4.2 is quite general, since we allow the
risk measure ρ to take the positive inﬁnity value and the assumptions posed on the cone P and the numeraire e are
equivalently that P is closed and e is a strictly positive functional of P . Our frame is more general, being compared with
the one in [13], where the numeraire is considered to be the riskless bond and the partial ordering of the positions’ space
to be the componentwise one.
For the sake of completeness, we give the deﬁnitions of (A, e)-coherent and (A, e)-convex risk measures (E is partially
ordered by the partial ordering relation induced by the wedge A of it).
Deﬁnition 2.1. A real-valued function ρ : E → R which satisﬁes the properties
(i) ρ(x+ ae) = ρ(x) − a (Translation Invariance),
(ii) ρ(λx+ (1− λ)x) λρ(x) + (1− λ)ρ(y) for any λ ∈ [0,1] (Convexity), and
(iii) y A x implies ρ(y) ρ(x) (Monotonicity)
where x, y ∈ E is called (A, e)-convex risk measure.
Deﬁnition 2.2. A real-valued function ρ : E → R is a (A, e)-coherent risk measure if it is an e-convex risk measure and it
satisﬁes the following property: ρ(λx) = λρ(x) for any x ∈ E and any λ ∈ R+ (Positive Homogeneity).
2.1. Partially ordered linear spaces
In this paragraph, we give some essential notions and results from the theory of partially ordered linear spaces which
are used in the next sections of this paper.
Let E be a (normed) linear space. A set C ⊆ E satisfying C + C ⊆ C and λC ⊆ C for any λ ∈ R+ is called wedge. A wedge
for which C ∩ (−C) = {0} is called cone. A pair (E,) where E is a linear space and  is a binary relation on E satisfying
the following properties:
(i) x x for any x ∈ E (reﬂexive),
(ii) If x y and y  z then x z, where x, y, z ∈ E (transitive),
(iii) If x  y then λx  λy for any λ ∈ R+ and x + z  y + z for any z ∈ E , where x, y ∈ E (compatible with the linear
structure of E),
is called partially ordered linear space.
The binary relation  in this case is a partial ordering on E . The set P = {x ∈ E | x 0} is called ( positive) wedge of the
partial ordering  of E . Given a wedge C in E , the binary relation C deﬁned as follows:
xC y ⇐⇒ x− y ∈ C,
is a partial ordering on E , called partial ordering induced by C on E . If the partial ordering  of the space E is antisymmetric,
namely if x y and y  x implies x = y, where x, y ∈ E , then P is a cone.
E ′ denotes the linear space of all linear functionals of E , while E∗ is the norm dual of E∗ , in case where E is a normed
linear space.
Suppose that C is a wedge of E . A functional f ∈ E ′ is called positive functional of C if f (x) 0 for any x ∈ C . f ∈ E ′ is
a strictly positive functional of C if f (x) > 0 for any x ∈ C \ C ∩ (−C). A linear functional f ∈ E ′ where E is a normed linear
space, is called uniformly monotonic functional of C if there is some real number a > 0 such that f (x) a‖x‖ for any x ∈ C .
In case where a uniformly monotonic functional of C exists, C is a cone. C0 = { f ∈ L∗ | f (x) 0 for any x ∈ C} is the dual
wedge of C in E∗ . Also, by C00 we denote the subset (C0)0 of E∗∗ . It can be easily proved that if C is a closed wedge of a
reﬂexive space, then C00 = C . If C is a wedge of E∗ , then the set C0 = {x ∈ E | xˆ( f ) 0 for any f ∈ C} is the dual wedge of C
in E , where ˆ: E → E∗∗ denotes the natural embedding map from E to the second dual space E∗∗ of E . Note that if for two
wedges K ,C of E K ⊆ C holds, then C0 ⊆ K 0.
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set B f = {x ∈ C | f (x) = 1} where f is a strictly positive functional of C is the base of C deﬁned by f . B f is bounded if and
only if f is uniformly monotonic. If B is a bounded base of C such that 0 /∈ B then C is called well-based. If C is well-based,
then a bounded base of C deﬁned by a g ∈ E∗ exists. If E = C − C then the wedge C is called generating, while if E = C − C
it is called almost generating. If C is generating, then C0 is a cone of E∗ in case where E is a normed linear space. Also,
f ∈ E∗ is a uniformly monotonic functional of C if and only if f ∈ int C0, where int C0 denotes the norm-interior of C0. If E
is partially ordered by C , then any set of the form [x, y] = {r ∈ E | y C r C x} where x, y ∈ C is called order-interval of E . If
E is partially ordered by C and for some e ∈ E , E =⋃∞n=1[−ne,ne] holds, then e is called order-unit of E . If E is a normed
linear space then if every interior point of C is an order-unit of E . If E is moreover a Banach space and C is closed, then
every order-unit of E is an interior point of C .
The partially ordered vector space E is a vector lattice if for any x, y ∈ E , the supremum and the inﬁmum of {x, y} with
respect to the partial ordering deﬁned by P exist in E . In this case sup{x, y} and inf{x, y} are denoted by x ∨ y, x ∧ y
respectively. If so, |x| = sup{x,−x} is the absolute value of x and if E is also a normed space such that ‖|x|‖ = ‖x‖ for any
x ∈ E , then E is called normed lattice.
Finally, we remind that the usual partial ordering of an Lp(Ω,F ,μ) space, where (Ω,F ,μ) is a probability space is the
following: x y if and only if the set {ω ∈ Ω: x(ω) y(ω)} is a set lying in F of μ-probability 1.
All the previously mentioned notions and related propositions concerning partially ordered linear spaces are contained
in [16]. In the rest of this paragraph we are going to give some more related notions, propositions and lemmas which are
useful in proving the results of the next paragraphs.
Lemma 2.3. (See [31, Prop. 37].) If P is a cone of E∗ and x ∈ int(P0), then x is a strictly positive functional of P .
Proof. Note that 〈E∗, E〉 is a dual pair (for the properties of a dual pair, see [2, p. 206]). Let us suppose that there is some
x∗0 ∈ P , x∗0 = 0 such that x∗0(x) = 0. Since x ∈ int(P0) there is some r > 0 such that x + rBE ⊆ P0, where BE denotes the
closed unit ball of E . Then for any u ∈ E , u = 0 we have x + r2 u‖u‖ ∈ P0. This implies x∗0(x) + r2 1‖u‖ x∗0(u) 0 for any u ∈ E ,
u = 0. Hence x∗0(u) = 0 for any u ∈ E and from the properties of a dual pair we have x∗0 = 0, which is a contradiction. 
According to Lemma 2.3, any x ∈ int(P0) deﬁnes a base Bx on P if P is a cone of the space E∗ .
Proposition 2.4. (See [31, Th. 39].) If E is a non-reﬂexive Banach space and P is a cone in E∗ , then x0 ∈ int(P0) is equivalent to the
fact that the base Bx0 deﬁned by x0 on P is bounded.
Proof. Let Bx0 be the base deﬁned by x0 ∈ E on P . Since it is bounded, there is some real number a > 0 such that Bx0 ⊆
aBE∗ , where BE∗ is the closed unit ball of E∗ . Put B∗ to be the set {g ∈ E | | f (g)| 1 for any f ∈ Bx0 }. We are going to show
that B∗ is a neighborhood of zero in E and that x0 + B∗ ⊆ P0, hence x0 ∈ int(P0). We will show that 1a BE ⊆ B∗ , where BE
is the closed unit ball of E . Actually, if g ∈ 1a BE this implies ‖g‖ 1a and let some f ∈ Bx0 . Then | f (g)| ‖ f ‖‖g‖ a 1a = 1.
Finally, g ∈ B∗ . Hence B∗ is a neighborhood of zero in E . Let f ∈ Bx0 and g ∈ B∗ . Then f (x0+ g) = f (x0)+ f (g) = 1+ f (g)
0, we get that x0+ g ∈ P0. Finally, we have x0+B∗ ⊆ P0, which implies x0 ∈ int(P0). For the opposite direction, if x0 ∈ int(P0)
then by Lemma 2.3 x0 is a strictly positive functional of P , which deﬁnes the base Bx0 on it. We are going to show that
this base is bounded. Let r > 0 be such that x0 + rBE ⊆ P0 and g ∈ BE , f ∈ Bx0 . Then f (x0 + rg) = 1 + r f (g)  0 which
implies f (g) −1r . If we replace g by −g , then we get f (−g) −1r . Then we get | f (g)| 1r , hence for any f ∈ Bx0 we take
‖ f ‖ = sup{ f (g) | g ∈ BE } 1r . Finally we take that Bx0 is bounded. 
We also remind the following
Lemma 2.5. (See [31, Pr. 35].) If E is a normed linear space and P is a cone in E∗ , while the base Bx0 deﬁned by x0 on P is bounded,
then x0 is a uniformly monotonic functional of P .
Proof. Since Bx0 is bounded, this implies the existence of some a > 0 such that ‖k‖ a for any k ∈ Bx0 , where k ∈ E∗ . This
implies ‖ f
xˆ0( f )
‖ a in E∗ and for every f ∈ P \ {0}, since f
xˆ0( f )
∈ Bx0 . Then xˆ0( f ) 1a ‖ f ‖. 
For the relation between uniformly monotonic functionals and bounded bases of cones, see also [23, Pr. 2].
Lemma 2.6. If E is a normed linear space and P is a wedge in E∗ such that the set of the interior points of P0 to be non-empty, then P
is actually a cone.
Proof. From Lemmas 2.3, 2.4 and 2.5 we get that any x0 ∈ int(P0) is a uniformly monotonic functional of P . Hence P ⊆
{x∗ ∈ E∗ | xˆ0(x∗)  b‖x∗‖} for some real number b > 0. H = {x∗ ∈ E∗ | xˆ0(x∗)  b‖x∗‖} is a cone of E∗ since it is actually
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Hence the conclusion is true. 
Lemma 2.7. If P is a closed wedge of E∗ , then (P0)0 = P .
Proof. First, we note that P ⊆ (P0)0. For the inverse inclusion, suppose that there is some x∗ ∈ E∗ such that x∗ ∈ (P0)0 \ P .
From the Strong Separation Theorem for disjoint convex sets, there is some x0 ∈ E , a ∈ R and δ > 0 such that x∗(x0) a <
a + δ  y∗(x0) for any y∗ ∈ P . x0 takes positive values on P , because if there is some y∗0 ∈ P such that y∗0(x0) < 0, this
implies that if λ → +∞ then λy∗0(x0) < x∗(x0), a contradiction since λy∗0 ∈ P . Hence x0 ∈ P0. But by positivity of x0 on P
we are led to a contradiction, since x∗ ∈ (P0)0 and x0 ∈ P0 imply that x∗(x0)  0, while the above separation inequalities
indicate that x∗(x0) < 0. Hence such a x∗ does not exist. 
Lemma 2.8. If C is a closed wedge of E, then (C0)0 = C.
Proof. First, we note that C ⊆ (C0)0. For the inverse inclusion, suppose that there is some x ∈ E such that x ∈ (C0)0 \ C .
From the Strong Separation Theorem for disjoint convex sets, there is some f0 ∈ E∗ , a ∈ R and δ > 0 such that f0(x) a <
a + δ  f (y) for any y ∈ C . f0 takes positive values on C , because if there is some y ∈ C such that f0(x) < 0, this implies
that if λ → +∞ then λ f0(x) = f0(λx) < f0(x), a contradiction since λy ∈ C . Hence f0 ∈ C0. But by positivity of f0 on C we
are led to a contradiction, since f0 ∈ C0 and x ∈ (C0)0 imply that f0(x) 0, while the above separation inequalities indicate
that f0(x) < 0. Hence such a x does not exist. 
Lemma 2.9. If P is a closed wedge of some normed linear space X then the condition P 0 = {0} is equivalent to P = X.
Proof. If P = X then if y0 ∈ P0, y0(x)  0 for any x ∈ X , which implies y0(−x) = −y0(x)  0. Then for any x ∈ X , we get
y0(x) = 0 and by the properties of 〈X, X∗〉 as a dual pair (see [2, Def. 5.79]) we get y0 = 0. On the other hand, if P is such
that P0 = {0}, then if we suppose that there is some x0 ∈ X \ P , then by applying the Strong Separation Theorem for disjoint
convex sets in locally convex spaces, we have that {x0} is a compact convex set and P is a closed convex set in X which
are disjoint. This implies the existence of some f ∈ X∗, f = 0 and of some a ∈ R, δ > 0 such that
f (x0) a < a+ δ  f (c),
for any c ∈ P . But f takes positive values on P since if there is some c0 with f (c0) < 0 then for λ → ∞ we would take that
limλ→∞ f (λc0) = −∞, while λc0 ∈ P since P is a wedge. Hence f ∈ P0. But in this case the separation condition would be
violated and this is a contradiction. Hence f ∈ P0 = {0}, a contradiction since f = 0 by the separation argument. We were
led to a contradiction by supposing that a x0 ∈ X \ P exists. Finally, we take that P = X . 
3. Dual representation of (P0, e)-coherent risk measures
In this paragraph we give the proof of the main dual representation result about (P0, e)-coherent risk measures, where
P is a closed cone of E∗ being the cone of the admissible spot-prices, while e ∈ int(P0) is the numeraire asset. By Be we
denote the base {y∗ ∈ P | eˆ(y∗) = 1} deﬁned on P by e. We remind that the dual representation indicated through the main
theorem of this paragraph is a characterization of (P0, e)-coherence. This characterization is going to be clear by giving the
proof of the one direction of it.
Lemma 3.1. If P ⊆ Be, P = , where P is a closed cone of E∗ and e ∈ int(P0), then the function ρP : E → R, where
ρP (x) = sup
{
π(−x) ∣∣ π ∈ P},
is a (P0, e)-coherent risk measure.
Proof. Let us check the four properties of the coherent risk measures.
(i) (Translation Invariance):
ρP (x+ ae) = sup
{
π(−x− ae) ∣∣ π ∈ P}= sup{π(−x) − aπ(e) ∣∣ π ∈ P}
= sup{π(−x) − a ∣∣ π ∈ P}= sup{π(−x) ∣∣ π ∈ P}− a = ρP (x) − a,
for any x ∈ E and any a ∈ R.
(ii) (Sub-additivity):
ρP (x+ y) = sup
{
π(−x− y) ∣∣ π ∈ P}= sup{π(−x) +π(−y) ∣∣ π ∈ P}
 sup
{
π(−x) ∣∣ π ∈ P}+ sup{π(−y) |π ∈ P}= ρP (x) + ρP (y),
for any x, y ∈ E .
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ρP (λx) = sup
{
π(−λx) ∣∣ π ∈ P}= sup{λπ(−x) ∣∣ π ∈ P}
= λ sup{π(−x) ∣∣ π ∈ P}= λρP (x)
for any x ∈ E and any λ ∈ R+ .
(iv) (Monotonicity): If y  x in terms of the partial ordering of E implied by P0, then −x−y, hence
π(−x) π(−y)
for any π ∈ P . Taking suprema over P we get that
ρP (x) = sup
π∈P
π(−x) sup
π∈P
π(−y) = ρP (y). 
Before giving the statement and the proof of the main theorem of this paragraph, we prove another lemma.
Lemma 3.2. If ρ : E → R is an (P0, e)-coherent risk measure such that P is a closed cone of E∗ and e ∈ int(P0), then Be ∩ A0ρ = 
where Be is the base of the cone P ⊆ E∗ deﬁned by e is equivalent to A0ρ = {0}.
Proof. If A0ρ = {0}, then there is some π0 ∈ A0ρ \ {0}. Monotonicity of ρ implies that P0 ⊆ Aρ hence A0ρ ⊆ (P0)0 = P
according to Lemma 2.7. Hence this π0 belongs to the cone P of E∗ and since e deﬁnes a base on it, there is a unique
λπ0 > 0 such that λπ0π0 ∈ Be (we actually have λπ0 = 1π0(e) ). Hence, since λπ0π0 ∈ A0ρ too, because A0ρ is a wedge of E∗ ,
we get that Be ∩ A0ρ = . On the other hand if Be ∩ A0ρ = , then A0ρ = {0} because if we select some π1 ∈ Be ∩ A0ρ , then
π1 = 0. That’s because if π1 = 0 we would have π1(e) = 0, which is not true since π1(e) = 1. 
Corollary 3.3. If ρ : E → R is a (P0, e)-coherent risk measure such that e ∈ int(P0) and P is a closed cone of E∗ , then Be ∩ A0ρ = .
Proof. According to Lemma 3.2 it suﬃces to prove that A0ρ = {0} or in an equivalent way that Aρ = E , according to Lemma
2.9. This is true since by Positive Homogeneity of ρ , ρ(0) = 0 since ρ(0) = ρ(2 · 0) = 2ρ(0) and by Translation Invariance
property ρ(−e) = ρ(0+ (−1)e) = 1 > 0. This implies that there is at least one element of E (the element −e), which does
not belong to Aρ = {x ∈ E | ρ(x) 0}. 
After this whole preparation of accuracy, we are ready to give the proof of our main theorem, being similar to the proof
of [19, Th. 4.1].
Theorem 3.4. If E is a partially ordered non-reﬂexive Banach space such that its dual E∗ is also partially ordered by a closed cone P ,
ρ : E → R is a (P0, e)-coherent risk measure such that Aρ is σ(E, E∗)-closed, while e ∈ E is a norm-interior point of P0 , then
ρ(x) = sup{π(−x) ∣∣ π ∈ B},
where B = {y∗ ∈ A0ρ | eˆ(y∗) = 1}.
Proof. We see that ρ(x+ρ(x)e) = 0 for any x ∈ E by the Translation Invariance property of a (P0, e)-coherent risk measure.
Hence x + ρ(x)e ∈ Aρ , and consequently π(x + ρ(x)e) 0 for any π ∈ B =  (according to Lemma 3.2 and Corollary 3.3).
Then we see for any x ∈ E , π(x) + ρ(x) 0 for any π ∈ B which implies ρ(x) π(−x) for any π ∈ B . Thus, we get
ρ(x) sup
{
π(−x) ∣∣ π ∈ B}.
We are going to show that the inverse inequality is also true. Consider some ε > 0. Then ρ(x + (ρ(x) − ε)e) = ε > 0,
by the Translation Invariance property of an (P0, e)-coherent risk measure. Hence x + (ρ(x) − ε)e does not belong to the
acceptance set Aρ for any x. From the fact that 0 ∈ Aρ , for any x there is some π0 ∈ B , depending on x and ε such that
π0
(
x+ (ρ(x) − ε)e)= π0(x) + ρ(x) − ε < 0.
Indeed, the existence of this π0 = 0 is enabled by the Strong Separation Theorem for disjoint convex sets in locally convex
spaces (for the statement of it see in [2, Pr. 5.58]). The two sets separated are the singleton {x+ (ρ(x) − ε)e}, being weakly
compact, and the acceptance set Aρ , which is a weakly closed subset of E . Hence, there is some π0 ∈ E∗ with π0 = 0, some
δ > 0 and some α ∈ R such that
π0
(
x+ (ρ(x) − ε)e) α < α + δ  π0(y),
for any y ∈ Aρ . Then we can observe that π0 takes positive values on Aρ .
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λ → +∞,
π0(λy) → −∞,
a contradiction since the separation inequalities hold. Then π0 ∈ A0ρ ⊆ P and π0 = 0. From the fact that the set {π ∈
P | eˆ(π) = 1} is a base of the cone P , for λ1 = 1π0(e) > 0 we have λ1π0 ∈ B and we denote the last vector also by π0. Hence
for this x and this ε > 0, we take that
ρ(x) − ε < π0(−x) sup
{
π(−x) ∣∣ π ∈ B}.
We remark that the supremum sup{π(−x) | π ∈ B} is ﬁnite for any x ∈ E due to the fact that e is a uniformly monotonic
functional of P (see Lemma 2.5). Hence there is some real number b > 0 such that eˆ(π) b‖π‖ for any π ∈ P . We actually
have that if π ∈ B then eˆ(π) = 1 and ‖π‖ 1b which implies that π(−x) 1b ‖x‖ for any x ∈ E . Thus, sup{π(−x) | π ∈ B}
1
b ‖x‖. From the last inequalities and for this x if we put εn = 1n , for any n ∈ N, we get ρ(x) − 1n  sup{π(−x) | π ∈ B} and
by taking the limit of the sequence {ρ(x) − 1n , n ∈ N} we get the other desired inequality
ρ(x) sup
{
π(−x) ∣∣ π ∈ B}. 
In the case where we allow for the presence of catastrophic risks under ρ , or else if we suppose that there are ﬁnancial
positions x ∈ E such that ρ(x) = ∞ we get the following dual representation theorem for (P0, e)-coherent risk measures,
which relies on the existence of strictly positive functionals of the cone P ⊆ E∗ which lie in P0.
Theorem 3.5. If E is a partially ordered non-reﬂexive Banach space such that its dual E∗ is also partially ordered by a closed cone P ,
ρ : E → (−∞,∞] is a (P0, e)-coherent risk measure such that Aρ is σ(E, E∗)-closed, while e ∈ P0 deﬁnes a base on the cone P ,
then
ρ(x) = sup{π(−x) ∣∣ π ∈ B},
where B = {y∗ ∈ A0ρ | eˆ(y∗) = 1}.
Proof. The proofs of Lemma 3.2, Corollary 3.3, Theorem 3.4 except the last part of the proof of Theorem 3.4 which connects
the fact that the base Be deﬁned by e on P is bounded and the fact that ρ is ﬁnite-valued, relies only on the fact that e
deﬁnes a base on P . A repetition of them in this case implies the conclusion. 
4. Dual representation of (P0, e)-convex risk measures
In a way similar to [11, Th. 5] and [19, Th. 5.2] we prove the following dual representation theorem for (P0, e)-convex
risk measures. If ρ : E → R is a (P0, e)-convex risk measure, the acceptance set of Aρ is not a wedge, but in general an
unbounded convex subset of E , which contains P0 due to the monotonicity property of ρ . In this case we remark that the
set of representing functionals is the whole base deﬁned by e on P which is supposed to be a closed cone of E∗ , hence
Lemma 2.7 holds.
Theorem 4.1. If ρ : E → R is a (P0, e)-convex risk measure with σ(E, E∗)-closed acceptance set Aρ , then
ρ(x) = sup{π(−x) − a(π) ∣∣ π ∈ Be
}
, (4.1)
for any x ∈ E, where Be = {y∗ ∈ P | eˆ(y∗) = 1} and a : Be → R is a ‘penalty function’ associated with ρ , with a(π) ∈ (−∞,∞] for
any π ∈ Be. On the other hand, every function ρ : E → R which is of the form (4.1)where E is partially ordered by P0 and e ∈ int(P0),
is a (P0, e)-convex risk measure.
Proof. If we consider a (P0, e)-convex risk measure ρ , there exists a penalty function a such that ρ has a representation
like the one indicated in Eq. (4.1). To see this, we remark that for any π ∈ Be we deﬁne
a(π) = sup{π(−x) − ρ(x) ∣∣ x ∈ E}.
Then as in the proof of [11, Th. 5], we denote
aˆ(π) = sup{π(−x) ∣∣ x ∈ Aρ
}
.
We will actually prove that a(π) = aˆ(π) for any π ∈ Be . We remark that a(π) aˆ(π). This holds because for any x ∈ Aρ ,
π(−x) − ρ(x) π(−x). Hence
sup
{
π(−x) − ρ(x) ∣∣ x ∈ E} sup{π(−x) − ρ(x) ∣∣ x ∈ Aρ
}
 sup
{
π(−x) ∣∣ x ∈ Aρ
}
.
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Hence
aˆ(π) π
(−x′)= π(−x) − ρ(x),
so a(π) = aˆ(π) by taking the supremum of the real numbers π(−x)−ρ(x) over all x ∈ E . We remark that a(π) ∈ (−∞,+∞]
for any π ∈ Be . Next, we remark that for any y ∈ E and by the ﬁrst expression of a, we have
ρ(y) sup
{
π(−y) − a(π) ∣∣ π ∈ Be
}
for any y ∈ E . In order to prove the desired equality, we have the following: Suppose that there is some y0 ∈ E , such that
ρ(y0) > sup
{
π(−y0) − a(π)
∣∣ π ∈ Be
}
.
Hence there exists some m ∈ R such that
ρ(y0) >m > sup
π∈Be
{
π(−y0) − a(π)
}
.
From the last remark we take that
ρ(y0 +me) = ρ(y0) −m > 0
and that y0 +me /∈ Aρ . The singleton {y0 +me} is a convex, weakly compact set and Aρ is by assumption a weakly closed
set of E which is also convex, since ρ is a (P0, e)-convex risk measure. Since these two sets are disjoint, from the Strong
Separation Theorem for convex sets in locally convex spaces there is some 	 ∈ E∗ , 	 = 0, an α ∈ R and a δ > 0 such that
	(y0 +me) α + δ > α  	(x)
for any x ∈ Aρ . Hence we take that
	(y0 +me) > sup
{
	(x)
∣∣ x ∈ Aρ
}
.
The functional 	 takes negative values on P0 since if there is some x0 ∈ P0 such that 	(x0) > 0, then for any λ ∈ R+ we take
λx0 ∈ P0 ⊆ Aρ . Then if λ → +∞ then
	(λx0) > 	(y0 +me)
for λ big enough, being a contradiction according to the previous separation argument. Then since we have that −	 ∈ P =
(P0)0, 	 = 0, we may suppose that −	(e) = 1 holds, or else −	 ∈ Be . Hence the separation of the sets {y0 +me} and Aρ
implies that
(−	)(−y0) −m > sup
x∈Aρ
(−	)(−x) = a(−	).
Denote −	 by π0 and we get
π0(−y0) − a(π0) >m,
which is a contradiction, since in this case
m > sup
{
π(−y0) − a(π)
∣∣ π ∈ Be
}
 π0(−y0) − a(π0) >m.
The contradiction arised due to the assumption that some y0 ∈ E exists, such that
ρ(y0) > sup
{
π(−y0) − a(π)
∣∣ π ∈ Be
}
.
Hence for any y ∈ E we get that ρ(y) is equal to the second part of Eq. (4.1).
For the opposite direction, it suﬃces to show that any function ρ : E → R of the form (4.1) is a (P0, e)-convex risk
measure. Thus, we have to verify that ρ satisﬁes the properties of a (P0, e)-convex risk measure:
(i) (Translation Invariance):
ρ(x+ ke) = sup{π(−x− ke) − a(π) ∣∣ π ∈ Be
}
= sup{π(−x) − a(π) − kπ(e) ∣∣ π ∈ Be
}
= sup{π(−x) − a(π) − k ∣∣ π ∈ Be
}= sup{π(−x) − a(π) ∣∣ π ∈ Be
}− k
= ρ(x) − k
for any x ∈ E and any k ∈ R.
(ii) (Convexity): The function which maps every x to π(−x)− a(π) for some π ∈ Be is a convex real-valued function on E ,
hence ρ is a convex function on E as the supremum of convex functions deﬁned on E .
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for any π ∈ Be since Be ⊆ P . Hence π(−x) − a(π)  π(−y) − a(π) for any π ∈ Be and by taking suprema over the
elements of Be we get that
ρ(x) = sup
π∈Be
{
π(−x) − a(π)} ρ(y) = sup
π∈Be
{
π(−x) − a(π)}. 
In a way similar to the case of (P0, e)-coherent risk measures, if we allow for the presence of catastrophic risks under ρ ,
or else if we suppose that there are ﬁnancial positions x ∈ E such that ρ(x) = ∞ we get the following dual representation
theorem for (P0, e)-convex risk measures, which relies on the existence of strictly positive functionals of the cone P ⊆ E∗
which lie in P0.
Theorem 4.2. If ρ : E → (−∞,∞] is a (P0, e)-convex risk measure with σ(E, E∗)-closed acceptance set Aρ , then
ρ(x) = sup{π(−x) − a(π) ∣∣ π ∈ Be
}
, (4.1a)
for any x ∈ E, where Be = {y∗ ∈ P | eˆ(y∗) = 1} and a : Be → R is a ‘penalty function’ associated with ρ , with a(π) ∈ (−∞,∞] for
any π ∈ Be. On the other hand, every function ρ : E → (−∞,∞] which is of the form (4.1) where E is partially ordered by P0 and
e ∈ P0 deﬁnes a base on P , is a (P0, e)-convex risk measure.
Proof. The proof is the same with the one of Theorem 4.1, which relies on the fact that e ∈ P0 deﬁnes a base on P . Also, the
existence of x ∈ E such that ρ(x) = ∞ does not affect the proof, too. To make it clear, if in the previous proof we suppose
that ρ(y0) = ∞, then the proof proceeds in the same way. 
5. The representation results for (P0, e)-coherent, (P0, e)-convex risk measures and the existing literature for L1, L∞
Theorem 4.1 about the dual representation of (P0, e)-convex risk measures can be viewed as another one dual rep-
resentation result for (L∞+ ,1)-convex risk measures in L∞ . [11, Th. 6] refers to the case where the set of representing
functionals of a (L∞+ ,1)-convex risk measure is a subset of L1(Ω,F ,μ) as the presence of the Radon–Nikodym derivatives
φ indicate in the proof (see in (i) of [11, Th. 6]). On the other hand, if E = L∞(Ω,F ,μ) then E∗ = ba(Ω,F ,μ) being the
space of all bounded, ﬁnitely additive and μ-absolutely continuous set functions (usually called ‘charges’ too, see Chap-
ters 9, 13, 15 in [2]), deﬁned on (Ω,F). The usual partial ordering relation on ba(Ω,F ,μ) is deﬁned by the closed cone
P = ba+(Ω,F ,μ) = { f ∈ ba(Ω,F ,μ) | f (x)  0 for any x ∈ L∞+ (Ω,F ,μ)}. We may notice that P0 = L∞+ (Ω,F ,μ) and if
we put e = 1, then e = 1 ∈ int(P0). The set of representing functionals in the case of application of Theorem 4.1 is the
following: B1 = {π ∈ ba+(Ω,F ,μ) | π(1) = 1}. For this set of normalized charges, any (L∞+ ,1)-convex risk measure on L∞
whose acceptance set Aρ is weakly closed is represented under the relation
ρ(x) = sup{π(−x) − a(π) ∣∣ π ∈ B1
}
.
This application of Theorem 4.1 in case where E = L∞(Ω,F ,μ), P = ba+(Ω,F ,μ), e = 1 may be also viewed as
an extension of the dual representation which appears in [10, Th. 2.3] for the (L∞+ ,1)-convex risk measures on L∞
([10, Th. 2.3] was proved for (L∞+ ,1)-coherent risk measures on L∞). In the same way, an application of Theorem 3.4 for
E = L∞(Ω,F ,μ), P = ba+(Ω,F ,μ), e = 1 is compared to [10, Th. 2.3]. According to [10, Th. 2.3], if ρ is a (L∞+ ,1)-coherent
risk measure ρ on L∞ then there exists a convex, σ(ba, L∞)-closed set K ⊆ B1 , such that ρ(x) = sup{Eμ(−x) | μ ∈ K} for
any x ∈ L∞ . Notice that according to Theorem 3.4 K = Aρ ∩ B1 , which is actually the way by which K was deﬁned and the
same dual representation is proved.
If E = L1(Ω,F ,μ), e = 1, then the representing functionals of any (P0, e)-convex risk measure in Theorem 4.1 are
Radon–Nikodym derivatives π = dQdμ of probability measures Q deﬁned on (Ω,F) such that Q  μ. [18, Pr. 2.10] refers to
(P0,1)-convex risk measures which are representable under the form
ρ(x) = sup{EQ (−x) − ρ∗(Q )
∣∣ Q ∈ Q} (5.1)
and ρ(0) < ∞ holds, where Q is a subset of the probability measures deﬁned on (Ω,F) such that Q  μ. The main
conclusion of [18, Pr. 2.10] is that ρ is ﬁnite if and only if the set of the Radon–Nikodym derivatives D = { dQdμ | Q ∈ Q} is
a bounded set of L∞ . We also notice that the main representation theorem in [18] about (L1+,1)-convex risk measures is
[18, Th. 2.4] in which the assumption of ρ being lower semicontinuous with respect to the norm of the space is equivalent
to the dual representation 5.1 of them. Note that the representation 5.1 is exactly the one we prove by Theorem 4.1 in this
case, since π(−x) = EQ (−x) and ρ∗(Q ) = sup{EQ (−x) | x ∈ Aρ} which is straightly compared to the value of the penalty
function a(π) we have deﬁned in the proof of Theorem 4.1. The assumption 1 ∈ int(P0) is equivalent to the boundedness
of the base that 1 deﬁnes on the closed cone P , which is the set of representing functionals π for ρ , according to Propo-
sition 2.4. This assumption assures the boundedness of the set D in [18, Pr. 2.10]. A theorem being also relevant to the
boundedness of D is [18, Th. 2.11]. Moreover, the assumption of lower semicontinuity which is contained in the statement
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tinuous, Aρ = {x ∈ L1 | ρ(x) 0} is a norm-closed set, which is also convex since ρ is a convex function. We remind that
the locally convex, Hausdorff topologies being consistent with the same dual pair have the same closed, convex sets (see [2,
Th. 5.86]). Hence if we suppose that ρ is lower semicontinuous, then Aρ is weakly closed. Namely, lower semicontinuous
(P0,1)-convex risk measures on L1 are also representable in the way that Theorem 4.1 indicates, or else in the form 5.1
indicated above.
Example 5.1. If we wonder how such a closed cone P in L∞ looks like so that the set D in [18, Pr. 2.10] is bounded, we
have to ﬁnd such a cone P in L∞ so that 1 ∈ int(P0). According to Proposition 2.4 and what is mentioned in [16, p. 127],
about Bishop–Phelps cones, by considering the (closed) cone P = {y ∈ L∞(Ω,F ,μ) | ∫
Ω
y(ω)dμ(ω) 12‖y‖∞} we have that
1 ∈ int(P0), since the base deﬁned by it on P (1 ∈ L1) is bounded. The base B1 = {y ∈ P | y(1) = 1} of P is actually the set
D indicated in [18, Th. 2.10]. It suﬃces to prove that if L1 is partially ordered by the wedge P0, then L1 is not partially
ordered by its usual partial ordering, namely the one induced by L1+ . But this is true, since the wedge P0 contains interior
points (1 is one of them in this case according to Proposition 2.4), while L1+ does not contain any norm-interior point
(hence P0 = L1+). This is due to the fact that L1(Ω,F ,μ) as a partially ordered space whose positive cone is L1+ is actually
an inﬁnite-dimensional AL-space, then by [2, Cor. 8.36], [2, Cor. 8.38], the norm-interior of L1+ is empty. We remind that if
an ordered normed linear space E is a Banach lattice, then it is an AL-space if for any x, y ∈ E+ , ‖x+ y‖ = ‖x‖ + ‖y‖ (see
Chapter 8.4 in [2]).
In order to summarize, if E = L1(Ω,F ,μ), e = 1 and L∞(Ω,F ,μ) is partially ordered by the cone P = {y ∈
L∞(Ω,F ,μ) | ∫
Ω
y(ω)dμ(ω)  12‖y‖∞}, then 1 ∈ int(P0) and we may suppose that L1(Ω,F ,μ) is partially ordered by
the wedge P0 = L1+ . Then every (P0,1)-convex risk measure ρ : L1(Ω,F ,μ) → R whose acceptance set Aρ is weakly
closed is represented in the way that Theorem 4.1 indicates:
ρ(x) = sup{π(−x) − a(π) ∣∣ π ∈ B1
}
.
This dual representation form is equivalent to the form 5.1
ρ(x) = sup{EQ (−x) − ρ∗(Q )
∣∣ Q ∈ Q},
where Q denotes the set of probability measures on (Ω,F) such that Q  μ, with dQdμ = π , π ∈ {y ∈ P | y(1) = 1} and
ρ∗(Q ) = sup{EQ (−x) | x ∈ Aρ}. For a (P0,1)-convex risk measure ρ : L1(Ω,F ,μ) → R ∪ {∞} the same conclusions hold
according to Theorem 4.2.
6. Continuity results for (P0, e)-coherent and (P0, e)-convex risk measures
Alike with the results of the last paragraph in [19] we give the equivalent continuity results for (P0, e)-coherent and
(P0, e)-convex risk measures deﬁned on non-reﬂexive Banach spaces, when e ∈ int(P0) where int actually denotes the
norm-interior.
Proposition 6.1. If ρ : E → R is a (P0, e)-convex risk measure with σ(E, E∗)-closed acceptance set where e ∈ int(P0) and P is a
closed cone of E∗ , then
ρ(x) 1
b
‖x2‖
for any x ∈ E, where x1, x2 ∈ P0 such that x = x1 − x2 , where b > 0 is any real number for which eˆ(π) b‖π‖ for any π ∈ P .
Proof. Since e is a interior point of P0, then the wedge P0 is generating. Then for any x ∈ E there are x1, x2 ∈ E such that
x= x1 − x2. Hence
ρ(x) = ρ(x1 − x2) = sup
{
π(−x) − a(π) ∣∣ π ∈ Be
}= sup{π(x2 − x1) − a(π)
∣∣ π ∈ Be
}
by Theorem 4.1. By the properties of suprema (see also in the proof of Theorem 6.6), we get
ρ(x) sup
{
π(x2)
∣∣ π ∈ Be
}+ sup{π(−x1) − a(π)
∣∣ π ∈ Be
}
= sup{π(x2)
∣∣ π ∈ Be
}+ ρ(x1)
 sup
{
π(x2)
∣∣ π ∈ Be
}
because x1 ∈ Aρ since P0 ⊆ Aρ , hence ρ(x1) ρ(0) 0. But
π(x2)
1‖x2‖
b
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is true because π(x2) ‖π‖ · ‖x2‖ and since π(e) = eˆ(π) = 1 b‖π‖ for any π which lies on the base Be of the cone P ,
‖π‖ 1b . 
Proposition 6.1 implies the following result.
Corollary 6.2. If E is a non-reﬂexive Banach space for which the partial ordering induced by P0 makes it a vector lattice and ρ : E → R
is a (P0, e)-convex risk measure with σ(E, E∗)-closed acceptance set Aρ while e ∈ int(P0) and P is a closed cone of E∗ , then
ρ(x) 1
b
∥∥x−
∥∥,
for any x ∈ E, where x− is the negative part of x, where b > 0 is any real number for which eˆ(π) b‖π‖ for any π ∈ P .
Proof. Directly from Proposition 6.1 and the fact that x = x+ − x− for any x ∈ E . 
Corollary 6.2 implies the following proposition.
Proposition 6.3. If E is a non-reﬂexive Banach space being partially ordered by P0 is a normed lattice, where P is a closed cone of E∗
and e ∈ int(P0) while ρ : E → R is a (P0, e)-convex risk measure with σ(E, E∗)-closed acceptance set Aρ , then
ρ(x) 1
b
‖x‖
for any x ∈ E, where b > 0 is any real number for which eˆ(π) b‖π‖ for any π ∈ P .
Proof. By Corollary 6.2, we have that ρ(x) 1b ‖x−‖ for any x ∈ E . Since x = x+ − x− , |x| = x+ + x− for any x, we get as is
well known that
x− = 1
2
(|x| − x)
for any x. From well-known properties of the norm,
∥∥x−
∥∥ 1
2
(∥∥|x|∥∥+ ‖x‖)= ‖x‖
since ‖|x|‖ = ‖x‖ and the conclusion follows. 
Proposition 6.3 implies the following
Proposition 6.4. If E is a non-reﬂexive Banach space being partially ordered by P0 is a normed lattice where P is a closed cone of E∗
and ρ : E → R is a (P0, e)-coherent risk measure with σ(E, E∗)-closed acceptance set Aρ while e ∈ int(P0), then ρ is a Lipschitz
function.
Proof. By Proposition 6.3 and the Subadditivity property of ρ we have
ρ(x) − ρ(y) ρ(x− y) 1
b
‖x− y‖
and
ρ(y) − ρ(x) ρ(y − x) 1
b
‖x− y‖
which give
∣∣ρ(x) − ρ(y)∣∣ 1
b
‖x− y‖.
We remind that b > 0 is any real number for which eˆ(π) b‖π‖ for any π ∈ P . 
Example 6.5. As an example we may mention that if P = ba+(Ω,F ,μ), then this is a closed cone and P0 = L∞+ (Ω,F ,μ).
Also, 1 ∈ int(P0) and L∞ being partially ordered by L∞+ is a normed lattice. Hence, every (P0,1)-coherent risk measure
ρ : L∞ → R whose acceptance set Aρ is weakly closed is a Lipschitz function.
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the base Be since e is a uniformly monotonic functional of the cone P as a norm-interior point of P0 we can deduce an
important continuity theorem for (P0, e)-convex risk measures, which however holds for the class of (P0, e)-coherent risk
measures:
Theorem 6.6. If ρ : E → R is a (P0, e)-convex risk measure where P is a closed cone of E∗ , the acceptance set Aρ is σ(E, E∗)-closed,
while e ∈ int(P0), then ρ is a Lipschitz function.
Proof. If { f i : E → R, i ∈ I} is a family of real-valued functions deﬁned on L, then we observe that
sup
i∈I
f i(x) − sup
i∈I
f i(y) sup
i∈I
{
f i(x) − f i(y)
}
,
where x, y ∈ E (for better interpretation, we may suppose that the family of functions { f i : E → R, i ∈ I} is such that
supi∈I f i(x) = ∞ for any x). Indeed, this holds because if we denote by A the set { f i(x) − f i(y) | i ∈ I} and by D the set
{ f i(y) | i ∈ I}, then { f i(x) | i ∈ I} ⊆ A + D . Hence supi∈I f i(x) supi∈I { f i(x) − f i(y)} + supi∈I f i(y). We have seen that ρ has
the representation indicated in Theorem 4.1. Then
ρ(x) − ρ(y) = sup{π(−x) − a(π) ∣∣ π ∈ Be
}− sup{π(−y) − a(π) ∣∣ π ∈ Be
}
.
By the above remark we take that
ρ(x) − ρ(y) sup{π(−x) − π(−y) ∣∣ π ∈ Be
}= sup{π(y − x) ∣∣ π ∈ Be
}
.
In this case we have I = Be and f i = fπ for any π ∈ B where fπ : E → R is such that fπ (x) = π(−x) − a(π) for any x ∈ E .
Also, we suppose that π(−x) − a(π) − (π(−y) − a(π)) = π(−x) − π(−y) for any x, y ∈ E and any π ∈ Be , namely that
a(π) − a(π) = 0. This is a simple subtraction in the case where a(π) ∈ R. On the other hand we may say that if a(π) = ∞
then −a(π) = −∞, hence π(−x) − a(π) = π(−x) because if we add a real number to −∞ we take the real number itself.
Hence π(−x) − a(π) − (π(−y) − a(π)) = π(−x) − π(−y) for any x, y ∈ E also holds for this π ∈ Be and for any x, y ∈ E .
In order to complete the proof, we note that
π(y − x) ∣∣π(y − x)∣∣ ‖π‖ · ‖x− y‖ 1
b
‖x− y‖
for any π ∈ Be , from the deﬁnition of Be and the fact that eˆ is a uniformly monotonic linear functional of P . Hence
ρ(x) − ρ(y) 1
b
‖x− y‖
and in the same way we may show
ρ(y) − ρ(x) 1
b
‖x− y‖.
The last two inequalities imply that
∣∣ρ(x) − ρ(y)∣∣ 1
b
‖x− y‖
and the conclusion is ready. 
Corollary 6.7. If ρ : E → R is either a (P0, e)-coherent or a (P0, e)-convex risk measure with σ(E, E∗)-closed acceptance set Aρ
where P is a closed cone of E∗ and e ∈ int(P0), then ρ is a Lipschitz function.
Proof. Directly from Theorem 6.6 and the dual representation of either a (P0, e)-coherent or a (P0, e)-convex risk measure
provided in Theorems 3.4, 4.1.
In [18, Def. 3.1] a list of the well-known continuity properties for risk measures in Lp-spaces can be found. The next
corollary of Theorem 6.6 is directly related to these properties, which can be deduced by following the lines of the proof of
[18, Th. 3.1]. 
Corollary 6.8. If E = L1(Ω,F ,μ) (where (Ω,F ,μ) is a probability space), ρ : E → R is either a (P0, e)-coherent or a (P0, e)-
convex risk measure where e ∈ int(P0) while E∗ is partially ordered by the closed cone P and moreover the acceptance set Aρ is
σ(E, E∗)-closed, then ρ is continuous from above, continuous from below, Fatou continuous and Lebesgue continuous.
Proof. About the Lebesgue continuity of ρ , since xn → x, μ-almost everywhere we deduce that |xn − x| → 0, μ-almost
everywhere while since |xn| y for any n ∈ N and |x| y, y ∈ L1, from the Lebesgue dominated convergence theorem [1,
Th. 22.11], xn → x in terms of the L1-norm. Since Corollary 6.7 indicates that ρ is continuous with respect to the L1-norm,
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can be established and since limn ρ(xn) = ρ(x) holds if xn → x μ-almost everywhere, the desired property
ρ(x) lim inf
n
ρ(xn)
holds under equality since lim infn ρ(xn) = limn ρ(xn). For the validity of the continuity from above, we remark that if
(xn)n∈N ⊆ L1 is such that xn ↓ x μ-almost everywhere, then |xn| |x1| ∨ |x| ∈ L1 for any n ∈ N and by the same argument
arising from the Lebesgue dominated convergence theorem, we take that limn ρ(xn) = ρ(x) holds. Finally, for the validity of
the continuity from below, we remark that if (xn)n∈N ⊆ L1 is such that xn ↑ x μ-almost everywhere, we take that −xn ↓ −x
μ-almost everywhere and since | − xn| = |xn| |x| ∨ |x1| and we repeat the previous argument. Note that L1 ordered by its
usual partial ordering is a vector lattice and this is the property which allows us to deduce the continuity from above and
the continuity from below of ρ and the rest continuity properties as well if in all cases x ∈ L1(Ω,F ,μ). 
We have to remind that the requirement of the closedness of Aρ under the weak topology on E in all the above proofs
may be replaced by the closedness with respect to the norm topology and vice versa without altering the strength of
the results, since locally convex topologies compatible with a given dual pair have the same closed, convex sets (see [2,
Th. 5.86]).
7. The continuity results for (P0, e)-coherent and (P0, e)-convex risk measures and the existing literature for L1, L∞
Another part of comparison is to relate our continuity results to the main ones proved for the coherent and the convex
risk measures deﬁned on L1 and L∞ .
In [10, Th. 3.2] for the case of L∞(Ω,F ,μ) and of (L∞+ ,1)-coherent risk measures, the Fatou continuity of them is
proved to be equivalent to the existence of a set of probability measures Q ∈ P which are absolutely continuous with
respect to μ, such that the set of Radon–Nikodym derivatives { dQdμ | Q ∈ P} is a L1-closed and convex set such that ρ(x) =
sup{EQ (−x) | Q ∈ Q} for any x ∈ L∞ . This is also equivalent to the fact that Aρ is weak-star closed. Corollary 6.8 is not
compared to [10, Th. 3.2], since the last one refers to the case of L∞(Ω,F ,μ) and of (L∞+ ,1)-coherent risk measures.
A similar situation holds for the other important result of this survey, [10, Th. 3.6], which refers to the case where the
set of representing functionals P indicated in [10, Th. 3.2] for a (L∞+ ,1)-coherent risk measure ρ is weakly compact in L1.
This is proved to be equivalent to the equality of the set of these functionals to the set K = A0ρ ∩ B1 , where B1 = {π ∈
ba+ | π(1) = 1}. The set K also appears in Theorem 3.4. Any of these two equivalent arguments in [10, Th. 3.2] is also
proved to be equivalent to a continuity property which is stronger than Fatou continuity (see argument (4) in [10, Th. 3.6]).
In [15, Th. 1.1] for the case of L1(Ω,F ,μ) and of (L1+,1)-coherent risk measures the Lipschitz continuity of such a risk
measure ρ is equivalent to the existence of a bounded subset G of L∞+ such that Eμ(g) = 1 for any g ∈ G , while ρ is
representable under the relation ρ(x) = sup{Eμ(−xg) | g ∈ G}, x ∈ L1. Note that in this case P = L∞+ , P0 = L1+ , e = 1 and
G is a subset of the base that 1 deﬁnes on L∞+ . But in this case, the whole base is bounded since 1 is an interior point
of L∞+ (this is not a consequence of Proposition 2.4 but a consequence of [16, Pr. 3.8.12]). We remark that the base that 1
deﬁnes on Lp+ if 1 < p < ∞ is unbounded. In this case, Theorem 6.6 of ours is not straightly compared to [15, Th. 1.1] since
int(L1+) = , but [15, Th. 1.1] also relates the bases of the Lp+-cones and the continuity of risk measures.
In [21, Th. 1.2] also for the case of L1(Ω,F ,μ) and of (L1+,1)-coherent risk measures, the lower semicontinuity of them
is proved to be equivalent to the existence of a set Q of probability measures on (Ω,F) which are absolutely continuous
with respect to μ and for which the set of Radon -Nikodym derivatives { dQdμ | Q ∈ Q} is a weak-star closed, convex set
of L∞ such that ρ(x) = sup{EQ (−x) | Q ∈ Q}, x ∈ L1. This is also partially compared to our Theorem 3.4. If E = L1, e = 1
and P is a closed cone of L∞ such that 1 ∈ int(P0), then an application of Theorem 3.4 indicates that if Aρ is weakly closed,
ρ is representable and the base B1 deﬁned by 1 on P is convex and weak-star closed. The intersection of the base with A0ρ
which is in this case the set of representing functionals π is a convex and weak-star closed set of L∞ , too. The functionals
π are also Radon–Nikodym derivatives for a set of probability measures Q˜ as it is described in [21, Th. 1.2].
Theorem 6.6 is related to the [18, Cor. 2.3] about ﬁnite-valued (L∞+ ,1)-convex or (L∞+ ,1)-coherent risk measures on L∞ ,
since the Extended Namioka–Klee Theorem [7, Th. 1] implies that these risk measures are norm-continuous. Hence for the
closed cone P = ba+ and the numeraire asset e = 1, P0 = L∞+ and 1 ∈ int(P0), Theorem 6.6 implies the norm-continuity
of (L∞+ ),1)-convex risk measures deﬁned on L∞ . The same implication arises by [18, Cor. 2.3] but the last corollary lacks
the assumption that the acceptance set Aρ is weakly closed.
In [12, Lem.4.16] the continuity from above is proved for the (L∞+ ,1)-convex risk measures deﬁned on L∞ which admit
a dual representation of the form
ρ(x) = sup{EQ (−x) − ρ∗(Q )
∣∣ Q ∈ Q}, x ∈ L∞.
Also, the continuity from above for these risk measures is proved to be equivalent to the Fatou continuity. Corollary 6.8 is
not compared to [12, Lem. 4.16], since the last one refers to the case of L∞(Ω,F ,μ) and of (L∞+ ,1)-convex risk measures.
A similar theorem is [12, Th. 4.26] in which the dual representation of the previously mentioned risk measures, the
continuity from above, the Fatou continuity and the fact that the acceptance set Aρ of such a risk measure is σ(L∞, L1)-
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are actually the same.
Also, [18, Lem. 3.2] extends [12, Lem. 4.16] in case where ρ : L∞ → R ∪ {∞} is a (L∞+ ,1)-convex risk measure, while
[18, Th. 3.3] extends [12, Th. 4.26] in the case where ρ : L∞ → R ∪ {∞} is a norm-lower semicontinuous (L∞+ ,1)-convex
risk measure.
Moreover, [18, Th. 3.3] refers to the case of ρ : L1 → R ∪ {∞} which are (L1+,1)-convex risk measures. This result may
be also compared to Corollary 6.8 but in this case [18, Th. 3.3] is stronger due to the equivalence of the arguments. The
relation between Corollary 6.8 and [18, Th. 3.3] is the following: If we suppose that E = L1, P is a closed cone of L∞ and
e = 1, we get that if 1 ∈ int(P0) then the representing functionals of any (P0, e)-convex risk measure in Theorem 4.1 are
Radon–Nikodym derivatives π = dQdμ of probability measures Q on (Ω,F) such that Q  μ. The validity of Theorem 4.1
implies the continuity from above and the Fatou continuity, according to Theorem 6.6 and Corollary 6.8. While in our case
we use the fact that Aρ is weakly closed, in [18, Th. 3.3] the dual representation, the Fatou continuity, the continuity from
above and the lower semicontinuity of ρ are proved to be equivalent.
Another strong result related to Corollary 6.8 is [18, Th. 3.1] which proves the equivalence of all the forms of pointwise
continuity of risk measures (continuity from above, continuity from below, Fatou continuity, Lebesgue continuity) jointly
with the lower semicontinuity and the fact that Aρ is weakly closed for (L1+,1)-convex risk measures which are ﬁnite-
valued.
Finally, we give an example of an application of Corollary 6.8 in a case where L1 is not ordered by the usual partial
ordering induced by L1+ . This example can be viewed as a second part of the Example 5.1.
Example 7.1. As a second part of the Example 5.1 and with the same assumptions, we have that for the speciﬁc cone
P = {y ∈ L∞(Ω,F ,μ) | ∫
Ω
y(ω)dμ(ω) 12‖y‖∞}, every (P0,1)-convex risk measure ρ : L1 → R whose acceptance set Aρ
is weakly closed, is a Lipschitz function due to Theorem 6.6. Hence it is continuous from above, continuous from below,
Fatou continuous and Lebesgue continuous.
The previous comparisons of our results to the existing representation and continuity ones and the above examples of an
application of our results for a partial ordering in L1 which is different than the usual one, give a taste of their generality.
8. Some ﬁnal remarks on the results
Our dual representation results for risk measures deﬁned on non-reﬂexive Banach spaces indicate the representation
variable is the spot price functional π ∈ E∗ faced by the investors in the market. Also we may remark that in almost
all of the results, the wedge P0 by which E is partially ordered is assumed to have norm-interior points and for the
numeraire asset, we have e ∈ int P0. By the previous assumption, we may move beyond the case where the non-reﬂexive
space E is a Banach lattice. Banach lattices are well-known cases of partially ordered spaces in which continuity of risk
measures is assured (see the Extended Namioka–Klee Theorem in [7, Th. 1] – we don’t examine the case of spaces which
are not locally convex since this theorem refers to the Fréchet lattices which is the class of locally solid and completely
metrizable vector lattices which includes Banach lattices). In the present paper we show that in a non-reﬂexive space E ,
being partially ordered by P0 (for the corresponding closed cone P in E∗), where P0 does not induce a lattice ordering on
E , then continuity properties may hold for convex risk measures if int(P0) = . This is what Examples 5.1, 7.1 indicate. In
Example 5.1 we actually consider a cone P which is a Bishop–Phelps cone K ( f ,a) in E∗ , where
K ( f ,a) = {x ∈ E ∣∣ f (x) a‖x‖}, a ∈ (0,1), f ∈ E∗, ‖ f ‖ = 1.
About Bishop–Phelps-cones, see in [16, p. 127]. Also, [16, Th. 4.4.4] explains why in inﬁnite-dimensional spaces, Bishop–
Phelps cones do not induce lattice orderings. Also, if we take P0 which induces the partial ordering of the space E to be the
intersection of the acceptance sets for a set of investors I =  who think and act coherently—hence their acceptance sets
Ai , i ∈ I are wedges of E—then by studying more partial orderings than the componentwise one in Lp spaces for p = 1,∞,
we do accept the case of a variety of sets of ‘commonly good investments’ whose outcomes are not necessarily all positive
μ-almost everywhere. One kind of the partial orderings is the one which comes from the Bishop–Phelps cones in E∗ .
Finally, the dual representation we prove for convex, non-coherent risk measures extends the relevant [17, Th. 2] which
corresponds only to coherent ones. Also, indicated cases of coherent risk measures are such that the set of representing
functionals of a coherent risk measure is bounded such as in the case where the state space Ω is ﬁnite. This implies
that the indicated measures are Lipschitz continuous. This fact also implies all the other forms of continuity (e.g. Fatou
continuity) mentioned in literature about risk measures deﬁned on L1 (see Corollary 6.8).
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